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1. INTRODUCTION 
Let F(x) = XI1 ~ ujeijs be a real-valued trigonometric polynomial. The 
following inequalities have been proved by van der Corput and Visser [4]: 
2 I Uk I < IIan, k>+; (1) 
Iall1 +21&I <IIFlIaJ, k>q. (2) 
Boas [l] has extended these inequalities to all values of k # 0: 
where p is the largest odd integer with pk < n; and 
1 uO 1 •t 1 uk I set < II F IL . 
(1’) 
(2’) 
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In addition, Boas [l, 21 has given other inequalities involving various integral 
mean values of / F 1 . We list two here. Let M,(F) denote 
then 
(& I:” 1 F(x)l” dsj”*; 
/ a, 1 + 2 1 ak / < d-L(F), k>$ 
and 
where 
(3) 
(4) 
y = + set 77 
[ 1 a -12’ 
and 4 is any number in the interval [0,42). S ee also [3], where the following 
analogous inequality is proved for Fourier transforms with compact support: 
Iff is real and!(x) = 0 for I x / > R, then for any $ in [0, p/2), 
In this note we add to the list another inequality of the type of (1) and (2) 
above. This inequality is valid for all real-valued functions in L”[O, 27r], 
and is apparently new. The proof is completely elementary and we think it 
worthwhile to record it here. For any real-valued functionfin L” with Fourier 
coefficients ak , we will have 
/‘O/ +sec$laki ~$(il-2~+2tan~),lf,i~, (5) 
for any 4 in [0, n/2), k # 0. In particular, letting C$ + 742, we obtain 
while with 4 = 0, we have 
I uO I + 1 uk 1 < il.% 9 k # 0. (2”) 
Inequalities (5), (1”) and (2”) are best possible among real functions in L”. 
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We may also note here that (1”) h s ows that the extension (1’) of (1) is 
rather weak. For if k < n/3, one has p > 3, in which case 
cos p* 3 cos ; > z. 
7r 
2. PROOF OF INEQUALITY (5) 
It will be of interest to note that the same inequality (5) also holds for real- 
valued uniformly almost periodic functions of Bohr. (Only the most element- 
ary facts about almost periodic functions will be used; see, for instance, [5].) 
Let f be any real u.a.p. function, with Fourier coefficients u(X), 
-co<<x<co: 
a(“)=&jT + of(x) eciAe dx. 
(Recall that the limit exists for any u.a.p. f and that a(X) # 0 for at most . , 
countably many values of A.) We shall prove there 
I49 +sec4144 ~$(~-26+2tand)lIfll~, 
h #O, o<+<+. 
We have for any /3 > 0 and h # 0, 
I G9l + P I 44 
1 = lim - 
Tm T (1 j;f (x) dx 1 + B / j;f (x) eciA” dx 1) . 
But 
1 jlf(x) e-i”” dx j = I jTf(x) e-iA(*-u) dx I 
0 
for any real number a; and we choose 01 = ar so that 
I 
T 
o f(x) e- iA(z--ar) dx = s 
If(x) cos X(x - 01~) dx, 
i.e., we require 
0 = jif(x) sin x(x - +) dx 
= cos hcdT :f (x) sin Ax dx - sin XorT jTf (x) cos Ax dx, 
0 
(54 
(6) 
(7) 
(7’) 
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which is certainly possible since f is real-valued. Now if (or satisfies 
does ‘or + k/X for any integer k. Hence we can choose or so that 
Moreover since cos A(x - a) = - co%h(x - OL & V/Q we may, for deiini- 
(V, so 
teness, further restrict c+ so that Ji f (x) dx and Ji f (x) cos h(x - a=) dx 
differ in sign. Then (6) becomes 
11 = I 4O)I + B I 441 = $+% 7 1 I lo 
f(x) [l - /3 COS h(X - a=)] dx 1 
Is 
T-UT 
f (X + NT) (1 - p COS hx) dx 
-ar (9) 
Wc+&~~~~l 1 -Fcos~Idx 
=ljfl~Jili;~=~ 1 -/3coshx~dx, 
0 
where the last step follows from (8). From the 2+periodicity of 
/ 1 - p cos Ax 1 , it follows that 
$2 f 1’ 1 1 - ,k? cos Ax I dx = $ leT” I 1 - p cos Ax I dx, 
0 0 
so that finally, 
I49 + B I43 d Ilf IL & 1; I 1 -B ~0s x I dx. 
For j3 < 1, (10) gives trivially 
(10) 
I 4-a + B I 4~)l G Ilf Ilm 9 
and this cannot be improved since equality is obtained by constant functions. 
We are thus only interested in the case j3 > 1. Let 4,s be the unique angle in 
[0,42) determined by 
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A simple computation gives 
1 
+-B cos x 1 dx = 
7r-2#1~+2tan& 
2T.r 9 
0 7r 
which with (10) proves (5a). 
For f in L”[O, 27r] the same method gives, in place of (9), 
from which (5) follows. It can be easily checked that equality obtains in (5) 
for any multiple of 
sgn(1 - p cos kx) = sgn(cos 4 - cos Kx), 
or any translate of it. Thus (5) is best possible. 
For any fixed $ and X, the 2+periodic step function 
f(x) = sgn(cos f$ - cos Ax) 
gives equality on (5a); this follows from the equality in (5) with k = 1 and 
with the 2a-periodic function f(x/h). S ince there is a sequence fn of continu- 
ous 27+periodic functions (hence u.a.p.) with I] fn IJoD = I] f ljao and fn + f in 
U[O, 2+], (so that the Fourier coefficients converge likewise), we see that 
(5a) also cannot be improved. 
If one restricts consideration to nonnegative functions in L”[O, 24, (11) 
gives 
from which one obtains 
and in particular 
l”kl <+iifho, k # 0. (1”) 
These are again best possible. 
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SOME ADDITIONAL REMARKS 
3. One can of course obtain various inequalities involving integral 
mean values by applying Schwarz and Holder inequalities to (11). Thus the 
use of Schwarz inequality yields 
with equality obtained by, for example, f(x) = 1 + /3 cos kx. A particular 
case of this is 
I a, I + 2 I ah: I < d-xf); 
thus inequality (3) of Boas actually holds for all values of k. 
We list two examples from the application of Holder’s inequality to (11): 
I @o I + I 4 I G (gY3 J43,*m (13) 
with equality obtained by, say, (1 + cos Kx)~; and 
I a0 I + I% I < 4 (g)z’3M3m (14) 
with equality obtained by, say I cos kx/2 1 . 
4. Following the lines of Boas [2, 31, one can obtain an inequality 
analogous to (4) and (4’) for th e so-called quasipolynomials, i.e., almost 
periodic functions whose Fourier coefficients vanish for large h. Let f be a real 
valued u.a.p. function with coefficients a(x) = 0 for ] h I > R > 0, and let h 
be any real continuous 2rr-periodic function with coefficients Cj . The function 
&5(x) = $+% f j’ o f(x - t) h(k) dt 
is almost periodic, and if /\ 2 R/2, 
gh(x) = a(O) Co + a(h) CleiAo + a(- A) C-,eciA”. 
Since 
we find 
u(h) = u(- A), c, = c-, ) 
I @VI I co I + 2 I 44 I G I < Ilg, llco 
(15) 
G II h Ilm Mlf I>, e;> 
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where 
M(f) = $2 f f)(x) dx. 
One gets various inequalities by inserting various functions h in (15). One 
can show (although we will not go into it here) that the best such inequality 
will be obtained by taking, for h in (15), the step functions 
h(x) = sgn(cos$ - cos x), o<+<+. 
(Again this is permissible since there are continuous 2a-periodic functions h, 
with 11 h, Ilrn = 11 h Ilm and h, -+ h in L1[O, 27~1 so that Cj(h,) -+ Cj(h).) 
With this h, we have 
so that (15) gives 
Letting $ + n/2, (4a) gives 
I44l +wfI), IA 12;. (4a’) 
Actually (4a’) can be improved to hold for 1 h I 3 R/3, as in [3]. Also, if 
f > 0, (4a) gives 
2 sin d I +)I < C@), 
so that letting $ --+ 0, we have 
This is analogous to a special case of an inequality for polynomials, namely, if 
F(x) = i uj eijs > 0, 
--n 
409/31/3-I3 
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then (see [l]), 
1 ak / < aO cos 
7l 
k # 0. 
5. A few more remarks concerning inequality (1”): First, the in- 
equality with k = 1 leads to a sharp estimate of the gradient at the origin of 
real-valued harmonic functions in the unit disk in terms of boundary values on 
the unit circle. Let u be real harmonic with radial limit f EL*. From the 
Poisson integral formula 
one gets 
lii g (r, e) = ; I;f(a) co@ - a) da, 
so that 
/ Vu(0, 0)12 = (+ 1: f(x) cos x dx)” + ($1:” f(x) sin x &)I 
= 4 I al 12, 
if f has Fourier coefficients aj . Hence together with (1”) we have 
This is best possible, with equality being achieved by the function + 1 on 
[0, 7) and - 1 on [n, 27r). F or nonnegative harmonic functions, the constant 
4/7r in (16) can be replaced by 2/r. The inequality (16) has been known and 
can be established by other methods, which therefore furnishes another 
proof for inequality (1”) with k = 1. 
Finally, for real polynomials F(x) = C”, ajeijz, (1”) can also be obtained 
through a result of van der Corput and Visser, who proved ([4], Appendix) 
the following: 
Let s > 0 and k be integers, d the greatest common divisor of s and k, and 
u = s/d. Then any real trigonometric polynomial F(X) = C”_, a,eijz satisfies 
llFllm 2 h max 1 c ajeW , (17) 
i-khods) 
where X = a/2 sin ?r/o for (T even and X = a sin 3~120 for u odd. 
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To obtain (1”) we simply take s = L’ 1 K 1 + 1, so that for sufficiently large 4, 
(17) gives 
Note that the limiting value of h as 8-t co is 42. This proves (1”). 
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